We present a simple and convenient method to yield cylindrical vector (CV) beams and realize its polarization evolution on higher-order Poincaré sphere based on inhomogeneous birefringent metasurface. By means of local polarization transformation of the metasurface, it is possible to convert a light beam with homogeneous elliptical polarization into a vector beam with any desired polarization distribution. The Stokes parameters of the output light are measured to verify our scheme, which show well agreement with the theoretical prediction. Our method may provide a convenient way to generate CV beams, which is expected to have potential applications in encoding information and quantum computation.
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Cylindrical vector (CV) beams are light beams of which the polarization states are arranged with cylindrical symmetry in the beam cross section 1 . A plenty of unique properties originated from their special intrinsic symmetry have distinguished the CV beams from general optical beams with homogeneous polarization. For example, the radially polarized light, a subset of the CV beams, can lead to a strong longitudinal field in the case of strong focusing 2, 3 . Because of these particularities, CV beams are expected with a broad applications such as particle trapping 4 , high resolution imaging 2 , particle acceleration 5 , and microscopy 6 . Similar to the geometric representation of homogeneous polarizations on Poincaré sphere, a prominent geometric representation of the CV beams is provided by the so-called higher-order Poincaré sphere (HOPS) 7, 8 . In this geometrical representation rule, higher-order Pancharatnam-Berry phase is demonstrated by cyclic transformation of the CV beams on the HOPS 9, 10 . This phase is geometric in nature and differs significantly from a dynamic phase, which is proportional to light's total angular momentum. This state evolution will provide an advantage solution to create optical qubits, a single photon carrying several bits of information, which is expected to improve the flexibility of information encoding and simplify quantum computation 11 . Nevertheless, there is still not an effective method to generate all the states on HOPS and realize the state evolution. Most efforts including using subwavelength nanostructure [12] [13] [14] , orientation-tailored liquid crystal [15] [16] [17] , interferometry 18, 19 , laser intracavity devices 20 , and fiber laser 21, 22 have been made to obtain the radial and azimuthal polarized beams, however, the other states are seldom referred to.
In this work, we demonstrate a simple and convenient method to generate the CV beams and realize the evolution of polarization states on the HOPS. It is well known that the cascaded polarizer, quarter-wave plate (QWP), and halfwave plate (HWP) can generate any elliptical polarization state at will 23 . Furthermore, by modulating the direction of the optical axis of the QWP/HWP, the polarization can evolve along the longitude/latitude on the surface of the fundamental Poincaré sphere. Analogously, while it comes to the CV beams whose polarization distribution are location-related, a special waveplate with space-variant optical axes should be employed. Fortunately, as a two dimensional electromagnetic nanostructure, metasurface with tailorable structure geometry posseses unparalleled advantages in optical phase 24, 25 and polarization 26 manipulation, especially in subwavelength scale [27] [28] [29] , and is particularly amenable to produce and manipulate the CV beams.
We first consider the polarization transformation of a HWP with its fast and slow optical axes lying parallel to the xy coordinate plane. The Jones matrix of a HWP can be written as
where Φ is the orientation of the fast optical axis. Without loss of generality, a homogeneous elliptical polarization light is taken into account. It can be represented geometrically on the fundamental Poincaré sphere and algebraically described by the following equation in terms of the azimuthal and polar angles (ϑ, α) in the sphere, Here |R = (x + iŷ)/ √ 2 and |L = (x − iŷ)/ √ 2 are respectively the right and left circular polarizations. The constant σ = ±1 is associated with the spin angular momentum with σ per photon. When this beam impinges on the HWP at normal incidence, the resulting polarization is still elliptical with its polarization given by
It also represents an elliptical polarization located on the point (ϑ ′ , α ′ ) of the fundamental Poincaré sphere. Actually, all the left-handed photons transform into right-handed photons and acquire an additional phase exp(±2Φ), and vice versa. As a result, the magnitude of the two components have also exchanged.
More interestingly, providing the HWP exhibits a spacevariant optical axis direction, e.g., Φ = qφ with φ = arctan(y/x) the local azimuthal angle and q is an integer or a semi-integer, the phase factor exp(±2Φ) indicates an optical vortex with its topological charge l = ±2q. As the two orthogonal circular polarization components carry just opposite vortex phase, their coherent superposition actually forms a space-variant, inhomogeneous polarization beam, i.e., CV beam. In this case, Eq. (3) represents an arbitrary elliptical CV beam on the HOPS (see Fig. 1 ). This involves three free parameters ϑ ′ , α ′ , and Φ, which serve as effective ways to manipulate the CV beams. The first two parameters are related to the incident polarization which can be controlled by a polarizer and a QWP [see Fig. 2(a) ]. As Φ determines the topological charge, with different Φ, the CV beams located on the HOPS with different topological charges l. Once the inhomogeneous HWP is manufactured, we can obtain any desired CV beam with a fixed topological charge and realize the polarization evolution on the HOPS.
We now can derive what kind of incident homogenous polarization on the fundamental Poincaré sphere should be given, when a CV beam located on the point (ϑ ′ , α ′ ) of the HOPS is desired. Comparing the Eq. (3) to (2), we can easily obtain the relationship: ϑ = π − ϑ ′ and α = −α ′ . However, in most cases, it is more effective to characterize the elliptical polarization with azimuth angle η and elliptical angle δ. According to our calculation, the η and δ of incident light can be associated with the spherical coordinates (ϑ, α) of HOPS in the forms,
We implement an experiment to demonstrate this idea. The experimental apparatus is shown in Fig. 2(a) . First, an elliptical polarization beam is produced by a polarizer (GLP1) and a quarter-wave plate (QWP1), and then passes through a inhomogeneous HWP. The inhomogeneous HWP now can be conveniently realized by an artificial inhomogeneous metasurface which is fabricated by etching space-variant grooves on a fused silica sample using a femtosecond laser 13 . This artificially creates an inhomogeneous form birefringence on the isotropic sample, and the local direction of the optical axes (slow and fast axes) are perpendicular and parallel to the grooves, respectively. This dielectric-based metasurface makes up a converter which can generate a CV beam when an elliptically polarized light is illuminated. To verify the viability of our scheme, we select a metasurface with q = 0.5 and homogeneous π retardation (Altechna). Figure 2(b) shows the schematic drawing of the local optical axes. The Stokes parameters of the resulting beam is measured by a typical setup (QWP2, GLP2, and CCD).
By simply rotating the GLP1 or the QWP1, the azimuth angle or the ellipticity of the output elliptical polarization will change continuously, and we can get any elliptical polarization states from the first part of the setup, which is summarily illustrated in the Fig. 2(c) . The azimuth angle η of the output polarization ellipse is the same as the optical axis direction of the QWP1 and the ellipticity angle δ equals to the relative optical axis direction of the GLP1 and the QWP1. At the same time, the final state output from the metasurface will evolve on HOPS along the latitude or the longitude. In this way, we can generate arbitrary states on HOPS and realized the polarization state evolution on the HOPS.
To effectively analyze the emerging polarization states, we measured the Stokes parameters. They are a set of indices (S 0 , S 1 , S 2 , and S 3 ) that describe the polarization of light. When the optical axes of the QWP2 and polarizer (GLP2) make up the following combinations, what we get in the CCD camera are exactly the parameters 30 , where I(α, β) represents the intensity what we get when the optical axis of QWP2 is α with the fixed x axis and the polarization direction of GLP2 is β with respect to the same x axis. The first Stokes parameter S 0 is the intensity distribution of the output beam which can be recorded by the CCD without QWP2 and GLP2. Figure 3 shows the normalized Stokes parameters s i = S i /S 0 (i = 1, 2, 3) of two points on the HOPS (l = +1). It is known to all that s 1 describes the linear polarization in x (s i = +1) or y (s i = −1) direction, s 2 linear polarization in ±45
• (s 2 = ±1) respect to the x direction, and s 3 the degree of the circular polarization with s 3 = ±1 corresponding to leftand right-handed polarization, respectively. Point (1, 0, 0) on the HOPS represents the radially polarization with axial symmetry [see Fig. 1(a) ]. The s 1 and s 2 show a four-lobe pattern, with alternative +s 1,2 and −s 1,2 components. In this case s 3 equals to 0, because the light beam is essential a linear polarization. While for point (0, 0, 1) which locates on the north pole of the HOPS, represents the circularly polarized vortex, so the s 1,2 = 0 and the s 3 equals to the total intensity of the light (s 0 ). In comparison with the theoretical distribution, the experimental results evidenced that the emerging beams are the desirable CV beams. For further verification, we mapped the polarization distribution. Firstly, we extracted the exact parameter values of any states from the Stokes parameters. Then, according to the relationship of the Stokes parameters and the polarization, the polarization states of the emerging beams are worked out. By depicting the graph of polarization distribution, we intuitively verify that the output beams are the desired CV beams. HOPS (l = +1). These points compose of two special paths on the sphere, one is on the equator and the other is on the longitude of azimuth angle ϕ = 45
• . Comparatively, the experimental results agree well with the theory. The deviation of the experimental results is because that, when extracting the parameter values, it is difficult to ensure the pictures located at the same pixel.
Although our experiments are limited to realizing the state evolution on HOPS with l = +1, our scheme is able to produce the states on HOPS with l = −1 [ Fig. 1(b) ] and other larger |l|. It is well known that HWP would inverse the chirality of the passing light 23 . By inserting a HWP after the metasurface in our setup, we can change the sign of the topological charge. To generate vector beams with larger topological charge |l|, a metasurface with a larger q is needed. In general, it is theoretically possible to produce any states on all HOPSs, by inserting a HWP and a metasurface with suitable q values in our setup.
In conclusion, we have presented a simple and flexible method to produce arbitrary states on HOPS by using a birefringent metasurface. Within our setup, corresponding elliptical polarization can be converted to the desirable CV beam. The experimental results show well agreement with the theoretical ones, which is proved by measuring the Stokes parameters of the tested states. Furthermore, by simply rotating a GLP or QWP in our setup, the produced state will evolve along the latitude or longitude of the HOPS. It is believed that our scheme shall have potential applications in designing vector beams with more complex polarization distribution, encoding information, and quantum computation.
